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New Scheme for the Computation of Compressible Flows

Adnan Qamar,* Nadeem Hasan,* and Sanjeev Sanghi"'
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A new approach for the computation of unsteady compressible flows has been developed. The new scheme employs
upwinding of the convective flux based on particle velocity and has been termed the particle velocity upwinding
(PVU) scheme. The PVU scheme is an explicit two-step predictor—corrector scheme, in which the convective
fluxes are evaluated on cell faces using a first-order upwinding method. The scheme is accurate and stable, giving
solutions free from oscillations near the discontinuities without any explicit addition of artificial viscosity. The
PVU scheme has an edge over state-of-the-art high-resolution schemes in terms of simplicity of implementation
in multidimensional flows and problems involving complex domains. The numerical scheme is validated for both
Euler and Navier-Stokes equations. Furthermore, the PVU scheme is used to investigate laminar supersonic viscous
flow over a forward-facing step. The results are obtained for M =1.5-3.5 in steps of 0.5 and for Reo. =10%. Step
heights H; of 10 and 20% of the characteristic length of the problem are considered. The effect of step height and
the incoming freestream Mach number on the spatial flow structure and on the important design parameters such
as wall pressure, skin friction, heat transfer, and length of separated region are investigated.

Nomenclature
C; = skin-friction coefficient
Cy = Stanton number
C, = specific heat at constant volume
E = nondimensional total energy
e = nondimensional specific internal energy
H = nondimensional step height
H; = dimensional step height
K. = freestream thermal conductivity
k = nondimensional thermal conductivity
L = characteristic length
M., = {freestream Mach number
Py = nondimensional wall pressure
p = nondimensional pressure
Poo = freestream pressure
Re,, = freestream Reynolds number
T = nondimensional temperature
T = freestream temperature
Usx = freestream velocity
u,v = nondimensional velocity components in x and y
direction, respectively
x,y = Cartesian coordinates
y = specific heat ratio
At = time increment
I = nondimensional viscosity
) = nondimensional density
P = {freestream density

I

N important aspect of the design of supersonic aircraft is the

minimization of aerodynamic and thermal loads onto the ve-
hicle’s surface. Unfortunately local contour discontinuities are gen-
erally unavoidable in the design, although a smooth aerodynamic
shape of the surface is attempted. Examples of such discontinu-
ities occur at positions where control devices and the intake of the
propulsion system are integrated.
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Generic geometries of these contour discontinuities are, for exam-
ple, kinks, fins, windshield, door edges, compression or expansion
corners, and forward- or backward-facing steps. These geometries
will induce shock wave/boundary-layer interactions and the flow
separation from the surface, resulting in an increase of pressure and
heat flux level in the vicinity of the obstacle at supersonic speeds.
Local pressure fluctuations around such obstacles generate noise,
with audio-frequency intensity more than 100 times greater than
those due to boundary-layer turbulence over a smooth surface. The
occurrence of such interaction over the surface may deteriorate the
aerodynamic efficiency, making the control of the vehicle critical.
A common geometry that often occurs on the vehicle surface is the
forward-facing step. The flow characteristic around forward-facing
step is an important part of the vehicle design. Thus, in the present
work, a numerical investigation is carried out to determined the flow
characteristic around a forward-facing step.

In the past, many researchers have carried out theoretical experi-
mental and numerical studies concerning the effect of such geome-
tries. Previous theoretical treatment of the shock/boundary-layer
interaction problem consists in solving a boundary-layer equation
together with a coupling equation relating the development of the
inner viscous flow to the outer flow. The governing partial differen-
tial equations can be solved by finite difference techniques' or can
be expressed as integral relations? and solved as ordinary differen-
tial equations. This treatment, in general, involves the question of
uniqueness because a certain portion of the flowfield contains a sub-
stantial upstream influence and the initial and downstream boundary
conditions cannot be completely specified. In some integral methods
techniques, there is also a question of the so-called jump conditions
from supercritical to subcritical types of boundary layers.

Solution of the full Navier—Stokes equations across the complete
flow domain avoids these issues and removes some restrictive as-
sumptions such as the static pressure being constant across the
boundary layer and the interaction of viscous and inviscid flows
only along a line at or near the edge of boundary layer, which is
difficult to define in a supersonic flow.

Chapman et al.? carried out an extensive experimental investiga-
tion of supersonic flow past a forward-facing step. The main aim of
the investigation was to study the phenomena of the flow separation
and transition. The scope of measurement encompassed Mach num-
bers between 0.4 and 3.6 and Reynolds numbers, based on length
in front of the step, between 4 x 10* and 5 x 10°. The principal
variable controlling the pressure distribution in separated flows was
found to be the location of transition relative to the reattachment
and separation positions. Classification was made of each separated
flow into three regimes: pure laminar, transitional, and turbulent. The
general result regarding the steadiness of flow and the influence of
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Reynolds number within each regime was also investigated. The
work of Chapman et al. involved the exploration with step heights
that are small. The ratio of step height to length in front of the step
varied from 0.01 to 0.1.

Li et al.* performed an experimental investigation of hypersonic
flow over a set of rectangular cylinders mounted over a flat sur-
face. All of the tests were carried out at Mach 5 under turbulent
conditions. The results indicate that the aspect ratio (H/W) is an
important parameter for the classification of the flowfield. Efimtsov
et al.’ carried out a series of experimental investigations on the TU-
144LL Flying Laboratory and obtained flight-test data of the pres-
sure fluctuation field in front of a forward-facing step and behind a
backward-facing step. The flight test covered a Mach number range
of 0.57-1.97.

Carter® obtained a numerical solution of the Navier—Stokes equa-
tions for laminar supersonic flow past a 10-deg compression cor-
ner at Mach 3.0 using an adiabatic thermal condition at the solid
wall. Hung and MacCormack’ developed an efficient time-splitting,
second-order accurate, numerical scheme that was used to solve the
complete Navier—Stokes equation for supersonic and hypersonic
laminar flow over a two-dimensional compression corner. Favor-
able comparisons with previous calculations and with experimental
results were made. Their results indicate that the pressure profile is
neither constant across the boundary layer nor constant along simple
straight characteristic lines, as had been assumed in some previous
analyses.

Grotowsky and Ballmann® performed a numerical investigation
of hypersonic step flow. A multiblock finite volume method was
used to discretize all spatial derivatives appearing in the balance
equations. A second-order Godunov-type method was utilized for
the nondiffusive part of the governing equations, whereas central
differences were used for the diffusive part. Time integration was
performed via a second-order implicit scheme. Results were ob-
tained for Mach 7.94 and were compared with experimental results.

From the present literature review, note that the detailed numer-
ical study of the forward-facing step in supersonic ranges has not
been carried out. The effect of step height greater than 10% of the
characteristic length has not been reported in the literature. Also
for the lower step height, important design parameters such as heat
transfer coefficient and skin-friction coefficient have not been re-
ported. Thus, the primary effort of this work is to carry out detailed
studies of the forward-facing step to determine the important design
parameters for Mach number ranging from 1.5 to 3.5 and the two
step heights equal to 10 and 20% of the characteristic length of the
problem.

Another important contribution of this paper is the development of
a two-step predictor-corrector, particle velocity upwinding (PVU)
scheme, with first-order upwinding applied to calculate the con-
vective flux, yielding a stable and accurate scheme. The primary
motivation for the development of a simple, stable, and accurate
scheme for multidimensional compressible flows governed by the
Navier—Stokes equations is that most of the higher-order flux-based
schemes utilize some sort of switches called flux limiters in region
of the steep gradient to reduce the order of the schemes and to
stabilize the solution. The detection of the region of steep gradi-
ent and the subsequent design of switches is a complex issue for
multidimensional flows. Wave-based schemes, which are generally
superior to the flux-based schemes for the Euler equation, are also
not very suitable for computing multidimensional flows governed
by Navier—Stokes equations. This is because of two reasons. First,
the Navier—Stokes equations, being hyperbolic—elliptic in character,
do not have a complete wave description. Second, the inviscid part
of the Navier—Stokes equations does not posses a unique charac-
teristic or wave representation, as suggested by Laney.” A state-of-
the-art method, such as the reconstruction—evolution method, uses
a piecewise polynomial to approximate the solution over the flow
domain. The construction of a piecewise polynomial is a computa-
tionally expensive task, especially in multidimensional flows. Fur-
thermore, these schemes require special treatment near the bound-
ary points. Thus, the PVU scheme is a step toward devising a
stable and accurate scheme that is simple from the implementa-

tion point of view, especially for flows involving multiple space
dimensions.

The scheme is validated for various test cases: 1) two one-
dimensional shock tube problems (Sod’s problem) governed by a
one-dimensional unsteady Euler equation and 2) supersonic flow
past a 10-deg compression corner governed by the full Navier—
Stokes equations. As indicated by validation studies of the one-
dimensional shock tube problem and the compression corner
problem, the PVU scheme captures shocks faithfully without the ad-
dition of any artificial viscosity. The boundary treatment of the PVU
scheme is also very simple in comparison to wave-based schemes.

The paper is organized as follows. In Sec. II, the physical model
and its mathematical representation is described. Subsequently, in
Sec. 111, the numerical method employed for the simulation is de-
scribed. In Sec. IV, the stability of the scheme is demonstrated.
Section V contains the validation studies. The results and discussion
of the forward-facing step problem are in Sec. VI Finally conclu-
sions drawn from the study are presented in Sec. VII.

II. Governing Equations

The conservation laws'® are formulated in a two-dimensional
space with Cartesian coordinates. The nondimensional forms of the
governing equations expressed in strong conservation vector nota-
tion are as follows:

3U+8F+BG_J (1)
at ox ay
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and E is nondimensional total energy defined as
E=ec+y(y — HML(V*/2) ®)

The various flowfield variables are nondimensionalized as fol-
lows:

u=1ii/Us, v=1/Us, p=p/Ps, T =TTy
P=p/Pec:  W=i/lhe. k=k/Ks, E=E/CyTy
e=¢/CyTs, t =iUy/L, x=x/L, y=Jy/L

The subscript co represents the incoming freestream conditions,
the overbar, values represent the corresponding dimensional values,
and L is some appropriate reference length, which for the case of
the forward-facing step is the entire length of the computational
domain. The preceding system comprises four equations, namely,
the continuity, x-momentum, y-momentum, and energy equations.
The other complimentary state equations, in their nondimensional
form, are as follows.

Equation of state:

p=pT ©)

Sutherland’s law of viscosity:

w(@) =T3[(Tow + 57) /(T + 5%)] (10)

with $*=123.6 K.
The calorically perfect gas assumption leads to

e=T an

The thermal conductivity is computed by assuming a constant
Prandtl number, which for air is Pr,, =0.716.

III. Numerical Procedure

The Navier—Stokes equations in their strong conservative form
are discretized using a finite difference methodology on a structured
grid in a Cartesian coordinate system. The nondimensional form of
the governing equations expressed in vector notation is written in a
slightly different form as

AU A(F +F) 3G +GY
— + + =
ot ox ay

J 12

The flux vectors F and G are split into two parts, the con-
vective part and the diffusive part. The convective part consist
of the convective flux in each equation, where as all other parts
of F and G vectors (pressure term, viscous terms, and other
terms) are included in the diffusive part. Thus, in terms of vector
notation,
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Equation (12) is marched in time using a predictor—corrector strat-
egy. The solution vector at any point (i, j) of the Cartesian grid is
obtained at the new time level (n + 1) through the following predic-
tor and corrector steps.

Predictor step:

U*:U”—At{(SXF‘) +(85F"). +(5,G9) +(6de)Zj—J"}

n n n
ij ij ij

15)
Corrector step:
U71+l — (U* + Un)/z_ %At{(axF(:);j + (S;Fd)i]
+(5,69),, + (5,67, —J*] (16)

where 8, 8, and &, are the forward, backward, and central differ-
encing operators, respectively, with the central differencing operator
calculating the difference between i 4 % andi — % values.

The convective flux terms are evaluated on cell faces using a first-
order convective upwinding. Because the upwinding of the convec-
tive fluxes is based on the particle velocity at the cell face, the scheme

has been named the PVU scheme,

P .
) u,_%__/-qbifl’j, if ui_%’j>0
=3 u, 1 .¢F. if u, 1.<0

i=3,J75L) =5,

where

The particle velocity at cell face u; _,, ; is computed via linear
interpolation from the adjacent nodes. The pressure and the viscous
terms are treated together, which comprises the diffusive part F?.
The x derivative terms appearing in F¢ are differenced in the di-
rection opposite to that used for dF?/dx, whereas the y derivative
terms are approximated with central differences. Likewise, the y-
derivative terms appearing in G are differenced in the direction
opposite to that used for 3G /dy, whereas the x-derivative terms
are approximated with central differences.

The proposed PVU scheme is a simple and stable scheme for com-
putation of multidimensional flows governed by Euler and Navier—
Stokes equations. The present scheme captures the discontinuities
quite well, without any explicit addition of artificial viscosity, thus,
producing solutions that are free from oscillatory behavior near the
discontinuities. The stability of the PVU scheme is further demon-
strated in the following section.
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IV. Stability

A numerical scheme is said to be stable if it does not allow errors
to be amplified without bound as the solution is marched from one
time step to another. The errors may grow indefinitely to “blow” out
the solution or may show up locally in the formation of oscillations,
overshoots, or undershoots. Therefore, a scheme is stable if the error
introduced at a given time level is not amplified as the solution is
marched forward in time and locally spurious numerical phenomena
such as oscillations, overshoots, and undershoots are minimized.
There are various techniques for studying the stability of the scheme.
However, as pointed out in Ref. 11, even for simple problems and
schemes, the algebra involved may be too cumbersome and may
not lead to analytic conditions on the parameters of the scheme
to ensure stability. For nonlinear problems, there is a severe lack of
theoretical ideas, and in actual practice one follows a combination of
two different approaches, namely, 1) linear analysis and 2) numerical
experimentation.

In the linear analysis approach, a linear equation is used and dis-
cretized using the given scheme. Then the stability conditions are de-
rived using appropriate methods such as the Von Neumann method,
the energy method, and the matrix method. The stability analysis
is followed by the checking of the monotonicity preservation con-
dition of the scheme. The numerical experimentation approach is
generally used for nonlinear problems. The numerical solutions are
computed on a sequence of meshes of decreasing mesh size. The
behavior of the numerical solution is observed as the mesh is re-
fined. The availability of the exact solution can be very useful in
assessing the performance of the numerical method.

Because the PVU scheme is developed for the solution of the
nonlinear partial differential equation, the stability of scheme is stud-
ied in the similar fashion as just discussed. First, a linear analysis is
performed in which the stability condition for the linear advection
equation is determined, followed by checking of the monotonicity
condition. Furthermore, numerical experimentation is carried out for
the solution of scalar conservation laws for which the exact solution
is known. Important properties such as convergence, total variation
diminishing (TVD), monotonocity, and range-diminishing proper-
ties are demonstrated through numerical experimentation, which
ensures the stability of PVU scheme.

A. Linear Analysis
For the linear analysis of the PVU scheme, the following model
scalar advection equation is chosen:

du u

ar Tay =0 amn
where a is a constant and can be negative or positive. Equation (17)
is commonly referred to as the linear advection equation. The linear
advection governs the evolution of a single right-running (a > 0) or
left-running wave (a <0). The proposed PVU scheme comprises
two steps, namely, the predictor step and the corrector step. There-
fore, to do the Von Neumann linear stability analysis (VNS) analysis,
one needs to write the scheme in one step for Eq. (17) that can be
done with a little algebraic manipulation. With a > 0, the predictor
step for Eq. (17) ati and i — 1 nodes can be written as

i—1

wi =u — (c/2)(u] —u]_,) (18)
iy =l — /)l —uly) (19

where c =aAt/Ax > 0.
Now the corrector step can be written as

n+1

= [ ) /2] = /2 (uf —up_y) (20)

When Egs. (18) and (19) are substituted in Eq. (20), the final cor-
rector step for a > 0 becomes

u

™! = B} + Bou}_ + Byuj_, @1

Similarly, for a < 0, the final corrector step can be written as
ul = B! + Bsull, | + Pou} o (22)
where

Bi=HU=cP+1], B=1ile(l—0l B=1 23

Bi=3l0+0)+1],  Bs=—lcl+0)], Bs=3¢" (24)
Now at a given time interval n, the solution at the ith node can be
decomposed into discrete Fourier series as

N/2
W= " Cpexp(2rImi/N) (25)

m=—N/2

Let ¢, =2nm/N.

Because each of the Fourier series coefficient changes by exactly
the same factor at every time step, Eq. (25) in terms of amplification
factor G,, can be written as

N/2

W= Y (G expUpni) (26)

m=—N/2

Because the problem is linear, the different Fourier modes do not
interact and the equation governing the evolution of any particular
mode remains the same. Hence, the stability can be studied by con-
sidering the equation of a general mode identified by the phase ¢.
Thus, the contribution by Fourier mode identified by its phase ¢ can
be expressed as

u?! = G" exp(I¢i),

i

—nT<¢p<m 27)

When Eq. (27) is substituted in Egs. (21) and (22), the amplification
factor can be expressed for a > 0 as

G = (B + Brcosp + B3 cos 2¢) — I (Bysing + B3 sin2¢) (28)
and for a <0 as
G = (Bs + Bscos ¢ + Bscos2¢) + I (Bssingp + B sin2¢) (29)

For stability, |G|? < 1. The region of stability and instability can be
determined graphically by plotting the neutral curve |G (¢, ¢)|> = 1.
Figures 1a and 1b show the neutral curve and the region of stability
and instability on the ¢ — ¢ plane for a > 0 and a < 0, respectively.
For a > 0, it is found that the scheme is unconditionally stable for
0 <c <1, whereas the scheme is conditionally stable for ¢ > 1. For
a < 0, the unconditional stability condition is —1 < ¢ <0. Thus, the
overall stability condition for the PVU scheme is |c| <1 for the
linear advection equation.

Once the stability condition is determined, we proceed to deter-
mine whether or not the scheme is monotone for the linear advection
equation. For this purpose, the theorem on the monotonocity of the
scheme is employed.'!

Theorem: A scheme

kr
n+1 __ n
u; = E By i

k=—kp,

for the linear advection equation is monotone if and only if the
coefficients g, are nonnegative, that is, 8, > 0.

For the linear advection equation, the coefficients g, fora > 0 and
a < O are given in Egs. (23) and (24). It can be seen that for a > 0 the
coefficients B, B, and f; are nonnegative within the stable domain
0<c<1fora > 0. Similarly, (84, Bs, Bs) >0 when —1 < ¢ <0 for
a < 0. Thus, the PVU scheme is monotone for botha >0 anda <0
within the stability regime determined through the VNS analysis.
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Fig. 1 Neutral curves separating stable and unstable regions of nu-
merical scheme for linear advection equation for a) a >0 and b) a <0.

B. Numerical Experimentation

The linear stability of the scheme has been investigated by consid-
ering the linear advection equation. Because the scheme is intended
for nonlinear problems, the issue of nonlinear stability also needs to
be addressed. The issue of nonlinear stability is often investigated
through numerical test or experiments on nonlinear conservation
laws. In this regard, scalar conservation laws are a good choice be-
cause they do not exhibit physical instability and, therefore, any ob-
served instability is readily identified as a numerical phenomenon.
The two important scalar conservation laws are the linear advec-
tion equation, which models simple entropy wave and contacts, and
the nonlinear Burgers equation, which models acoustics wave and
shocks. The stability and robustness of the scheme have been proved
numerically by carrying out the numerical solution of the scalar
conservation laws on different grids with decreasing mesh size. The
convergence and TVD properties as reported in Ref. 11 are shown.

1. Linear Advection Equation
Consider the following scalar problem governed by the linear
advection equation:

du  du _ l<x<l1 (30)
o ax =t=
together with the initial condition given as
1, for x| < %
u(x,0) =
0, for % < x| <1 (1)
The domain [—1, 1] is periodic. This periodic domain is consid-
ered to eliminate the effect of boundary conditions. Figure 2 shows
the exact and the computed results for Eq. (30) at t =4. The so-
Iution is computed using a sequence of progressively finer grids

ANALYTICAL
PVU (N=200)
PVU (N=400)
—————— PVU(N=800)

1.25

=0.75

0.5

0.25

el SN LI L B B L

Fig. 2 Numerical and exact solution for linear advection equation at
t=4.
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Fig. 3 Decrease of total variation of solution of linear advection equa-
tion with respect to time.

(N =200, 400, and 800) with ¢ =0.8 up to t =4. In the time inter-
val [0, 4], the initial condition travels around the periodic domain
[—1, 1] exactly twice so that u(x, 4) =u(x, 0). The two jump dis-
continuities in the solution correspond to the contact discontinuities.
This test case illustrates progressive contact smearing and disper-
sion. The numerical results show that as the grid size is reduced the
solution converges to the exact solution. The results for the same
problem for some of the popular schemes may be found in Ref. 9.
The results of these schemes also show a similar behavior. The
amount of clipping encountered in these schemes is also similar to
that of the PVU scheme.

The TVD property of the PVU scheme is studied by plotting the
total variation (TV) TV(u, t) defined as

V") = Z

for every time step.
For the scheme to posses the TVD character, it must satisfy the
following inequality:

ul , —u! (32)

TV@" T < TV®@u"), Vn (33)

Figure 3 shows TV(u, t) for N =200 with time. It can be seen that
with the passage of time the TV decreases in a monotone fashion.
Thus, the scheme exhibits TVD character for the linear advection
equation. Also the range of diminishing property of the scheme
is also satisfied because maxima do not increase, minima do not
decrease, and no new extrema are created with time,® which is the
actual requirement of range diminishing property.
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2. Inviscid Burgers Equation
The inviscid Burgers equation is given by

9 9
A ) (34)
Jat ox

or in conservative form

ou 3 (u?
—+—(=)=0 35
8[+8x<2) (33)

The Burgers equation is solved numerically for three different grids
(N =200, 400, and 800) with decreasing mesh size for ¢ =0.8 and
for the initial condition given in Eq. (31). The jump from O to 1
at x = —% creates an expansion fan, whereas the jump from 1
toOQatx = % creates a shock. The solution comprises a sonic point.
Although the exact solution never crosses the sonic point, a numer-
ical method with spurious overshoots or oscillations may cross the
sonic point once or even several times, causing a dramatic error if
the numerical method has a sonic point problem. Figure 4 shows a
comparison of the solution obtained by the PVU scheme with the
analytic solution at  =0.6. The solution obtained does not show
any oscillatory behavior. As the grid size is decreased, the solution
converges, thus, indicating the convergence of the scheme for the
nonlinear case. The TVD and the range-diminishing properties are
also very well satisfied for the nonlinear Burgers equation. Figure 5
shows TV(u, t) for N =200 with time. It can be seen that as the
time progresses the TV decreases and no new maxima or minimum
are formed, thus, indicating that the range-diminishing condition is
satisfied.

Thus, it can be inferred that the PVU scheme is stable and mono-
tone for both linear and nonlinear cases. The robustness and the
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Fig. 4 Numerical and exact solutions for inviscid Burgers equation at
t=0.6.
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Fig. 5 Decrease of total variation of solution of inviscid Burgers equa-
tion with respect to time.

accuracy of the scheme are further demonstrated via the validation
of the scheme, through two standard benchmark problems of a shock
tube and a compression corner in the next section.

V. Validation Studies

In this section, the validation studies are presented. The scheme
has been tested on two benchmark test cases. The first problem
comprises two test cases for a one-dimensional shock tube prob-
lem (Sod’s problems) governed by one-dimensional unsteady Euler
equations. The second problem considered is that of supersonic
flow past a 10-deg compression corner governed by the full Navier—
Stokes equations. For all of the cases, the ratio of specific heats y
is 1.4 and the gas constant R =287 J/(kg - K). All of the results are
for laminar flow, and no turbulence model has been used.

A. One-Dimensional Shock Tube Problems (Sod’s Problems)

The one-dimensional shock tube problems, suggested by Sod,'?
often appear in modern research papers for validation purpose.
The problems are governed by the one-dimensional, unsteady Euler
equations given as

WL (36)
where
P pu 0
U={pu}, Fo={ pu*}, Fi=1p 37
pE pukE up

The spatial domain of the problem is taken to be the interval
[—10, 10]. Each half of the solution domain contains a fluid initially
at rest. However, the pressure and density are different on either
side of x =0. The flow is then allowed to evolve in time, leading
to the formation of shock, expansion, and contact discontinuities in
the solution domain. The initial values of the variables on the left
and right of x = 0 for the two test cases are given as follows.

Case 1:

pL = lkg/m’?, u;, =0m/s, P, = 100,000 N/m?
or = 0.125kg/m?, ugp =0m/s, Pg = 10,000N/m?
Case 2:
oL = lkg/m?, u;, =0m/s, P; = 100,000 N/m’
pr = 0.01kg/m?, ugp =0m/s, Pr = 1000N/m?

For computation, uniform grids of 100, 200, 400, and 800 points
with time step of At =1 x 107> s are employed. Figures 6 and 7
show a comparison of the pressure, velocity, density, entropy, speed
of sound, and Mach number profiles with the analytical results for
two Sod’s problems at time  =0.01 s. As discussed in Ref. 9, test
case 1 does not contain a strong shock, contact or expansion, and
it does not have sonic point. The only thing that makes the test
case 1 challenging is that the shock and the contact discontinuity are
close together (Fig. 6¢). Even at the final time ¢+ =0.01, when their
separation is greatest, the shock and contact are separated by only
2.5 m. Test case 2 is much more challenging than test case 1. First, the
shock and contact are still separated by a small distance. Second, the
expansion fan contains an expansive sonic pointu —a=0atx =0
as seen in Figs. 7b and 7f. Third, the shock contains a compressive
sonic point u +a =0, and finally, the initial condition involves a
large pressure ratio of 100.

The results obtained from the PVU scheme are in good agree-
ment with analytical results. The scheme captures the shock and ex-
pansion reasonably accurately. Also, the PVU scheme captures the
sonic points perfectly without any special treatment in the scheme,
which s often done in wave-based schemes.'>!* These test problems
prove the ability of the present PVU scheme to capture the discon-
tinuities without any oscillatory behavior or severe overshoots and
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Fig. 6 Structure of flowfield at £ =0.01 for test case 1.

undershoots without any addition of explicit artificial viscosity. The
scheme also captures the extremum values quite well, except for test
case 2 in the Mach number profile (Fig. 7f), where there is a clipping
of about 5% from the actual peak value. The contact discontinuity is
significantly smeared over several grid points, which is clear in the
density plot (Fig. 7f). It can be seen that as the grid size is decreased
the numerical solution converges toward the exact solution in both
the cases. The smearing in the contact discontinuity is also reduced
as the grid size is reduced. The smearing of contact discontinuity
for the two test cases is a challenging problem as also observed for
some of the popular first-order schemes such as Van Leer’s flux vec-
tor splitting,'> Roe’s first-order upwinding,'® Gudunov’s first-order
upwinding,'” and Harten’s first-order upwinding'® schemes.

B. Supersonic Flow past the 10-Degree Compression Corner

As asecond test case, a supersonic two-dimensional viscous flow
past the 10-deg compression corner has been studied. This problem
has been studied by several researchers.”- %1% In the present work, the
results have been compared with the numerical study by Hung and
MacCormack.” The comparison is made for Re,, = 1.68 x 10* and
My, =3.0. The computational domain spans the x direction from
x=—0.2 to x =1.8 and the y direction from y =0 to y =0.575.
The leading edge of the flat plate is placed at x =0 and the 10-deg

corner at x = 1.0. At the inflow, all of the flowfield variables are
specified. On the solid surface (plate and compression ramp), the
no-slip condition is specified on the velocity and the wall tempera-
ture is taken to be equal to the freestream stagnation temperature.
Symmetry conditions are specified on the line of symmetry at y =0
for x <0. At the outflow boundary, the second derivative of pres-
sure, and the first derivatives of velocity and temperature have been
set equal to zero in a direction parallel to the ramp. At the top exit
boundary, the first derivative of all of the flowfield variables in the
y direction are assumed to be zero. The freestream Reynolds num-
ber Re,, is based on the distance between the leading edge of the
plate and the compression corner. The dependence of the viscosity
on the temperature is modeled via Sutherland’s law of viscosity.
Fine nonuniform mesh spacing of Ay =8 x 10~ is used in the
region near the wall for resolving the viscous layer and is gradu-
ally expanded to a coarse equally spaced mesh Ay =1 x 1072 in
the outer region, where viscous effects are negligible. A mesh of
330 x 205 is utilized to compute the solution. Figures 8a—8d show
the contours of steady-state pressure, temperature, Mach number,
and streamtrace patterns, respectively. The leading-edge shock due
to the development of boundary layer on the flat plate has been cap-
tured quite well. The separation of the flow ahead of the corner and
its subsequent reattachment downstream of the corner results in a
small region of recirculation that can be observed in the solution, as
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Fig. 7 Structure of flowfield at #=0.01 for test case 2.

shown in Fig. 8d. The separation point of the flow for the present
computation is at x =0.89, which matches exactly with that pre-
dicted in Ref. 7. Figures 9a and 9b show the variation of pressure
and skin-friction coefficient on the solid surface, respectively. The
results compare quite well with those obtained in Ref. 7.

This test problem proves the ability of the present scheme for
the computation of flows that involve shock-wave/boundary-layer
interaction, which is an important feature of compressible viscous
flows.

The validation studies show that the PVU scheme is a stable
and accurate scheme for computation of compressible flows gov-
erned by Euler and Navier—Stokes equations. Shocks and expansion
waves are resolved quite well, and in the spatial domain close to
shocks and expansion waves, no overshoots and undershoots are
found when the PVU scheme is used. Typical flux schemes employ
explicit artificial viscosity for stabilizing the flow. No such explicit
addition is needed when the computation is carried out with the
present scheme. Another major advantage of the PVU scheme is
that for multidimensional flows it is simple and easy to implement.
The state-of-the-art methods in Refs. 20 and 21 model both flux
and wave interaction between families of waves. They employ flux
vector splitting or Riemann solvers. However, for multidimensional
flows these schemes are very costly, and their treatment of the flow
near the boundaries is also very complex.

The main drawback of the PVU scheme is the use of first-order up-
winding, which reduces the order of accuracy, particularly in regions
of flow where the flow variables vary smoothly. Thus, a sufficiently
fine grid is needed to overcome the effect of lower order of the local
truncation error of the scheme. However, as suggested by Grotowsky
and Ballmann,? incorporation of different constraints through flux
limiters into numerical schemes, which are only active in regions
of high gradient of flow variables, are no means for essential im-
provement. To achieve the physical limits, probably the resolution
of the grid has to be increased. Based on the preceding arguments, it
can be said that in terms of simplicity of application, especially for
multidimensional flows, the PVU scheme exhibits good potential.

V1. Results and Discussion

A. Forward-Facing Step

Figure 10 shows the computational domain and boundary con-
ditions for the forward-facing step. The solution domain has been
selected in such a fashion so that it includes all of the essential fea-
tures that are developed due to the presence of a forward-facing step
such as shock/boundary-layer interaction and shock—shock interac-
tion. The uniform freestream is aligned with the positive x axis.
Instead of starting the solution with known boundary layer on the
flat plate, the boundary layer is allowed to develop with time. As
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a result, the leading-edge boundary-layer shock is generated. The
leading edge is placed at x =0, and the distance from the leading
edge to the end of step L is used as the characteristic length.

At the inflow, pressure, temperature, and Mach number are spec-
ified at zero angle of attack. The no-slip condition for velocity is
employed at the solid wall, and the wall static temperature is taken
to be equal to the freestream air static temperature. The pressure at
the solid wall is computed by using the normal momentum equation.
At the outflow boundary, the second derivative of pressure and the
first derivatives of temperature and velocity are set to zero, normal
to the boundary. At the top boundary, the first derivatives of all of the
flowfield variables, p, u, v, and T, in the y direction are assumed to
be vanishing.

Based on the preceding validation, the PVU scheme in Sec. IIT
is applied to the forward-facing step problem. A Newtonian fluid
(air) with a calorically perfect gas assumption is used for the
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solution of the full conservative form of the Navier—Stokes equa-
tion. This problem comprises many parameters that can be varied.
The freestream Mach number M., and the nondimensional step
height, H = H,/L, appear to be important parameters that may
affect the flowfield around the forward-facing step significantly.
Thus, the numerical study involves the variation of Mach num-
ber M in supersonic ranges from 1.5 to 3.5 in steps of 0.5 for
two step heights H = 0.1 and H =0.2, respectively. The freestream
Reynolds number Re,, based on the characteristic length is taken to
be equal to 10*, which corresponds to the laminar regime as shown
by the transition studies of Chapman et al.> The numerical values of
other parameters are as follows: P,, = 101,325 N/m?, To, =288 K,
y =14, R =287 J/(kg - K), and Pro, =0.716.

Figure 11 shows the computational grid used for calculation. A
fine (order 10~*) nonuniform mesh spacing is used in the region
near the wall for resolving the viscous layer, and a coarse (order
1072), equally spaced mesh is used in the outer region, where vis-
cous effects are negligible. For the problem considered, a series of
grid-refinement calculations are carried out to assess the grid size
effect on the accuracy of results. The flow parameters are the same
as already discussed. The grid points both in the x and y direc-
tions are changed, and the effect on wall pressure and skin fric-
tion is observed at M, =3.0 and H =0.1 for three different grids,
111 x 116, 149 x 163, and 169 x 181. The percentage difference
for first two grid is of 5%, whereas for last two grids it is only 2%.
Hence, for the computations, the 149 x 163 grid is used. For this
grid, the minimum spacing in the x and y directions is Axy;, = 0.001
and Ay, = 0.0008, respectively. The nondimensional time step is
taken to be 8 x 1075,

B. Spatial Patterns of the Flowfield

Figure 12 is a schematic diagram for the flow features that are
developed due to the presence of forward-facing step. The spatial
pattern of the flowfield is studied by plotting contours of pressure,
temperature, Mach number, and streamtrace patterns at H = 0.1 and
M., =2.5 in Figs. 13a—13d, respectively. A boundary layer starts
developing from the leading edge of the plate, which decelerates
the incoming supersonic flow for x >0. A weak boundary-layer
shock originates from the leading edge of the boundary layer as
seen in Fig. 13a. Furthermore, all of the compression waves in front
of the step merge, leading to a strong oblique shock in front of
the step, which can be clearly seen in Fig. 13a. The strong oblique
shock merges with the weak leading boundary-layer shock, causing
a shock—shock interaction. The interaction is classified by Edney?
as type IV interaction in which, after the intersection of two shocks,
a single strong shock emerges followed by formation of a weak
expansion wave and a slip surface. The slip surface formed due to
the shock interaction is a contact discontinuity. In multidimensional
flows, the contact discontinuities often occur in the form of slip
lines or vortex sheet, as discussed in Ref. 9. The strong oblique
shock interacts with the boundary layer in the viscous region near
the wall and induces boundary-layer separation. The region between
the strong oblique shock and the step face is the region of separation,
dominated by the presence of a vortex as seen in Fig. 13d.

The temperature contours in Fig. 13b indicate the rise in tempera-
ture in the vicinity of the shocks. However, a higher temperature rise
is observed near the solid boundary and the corner. This is because

Slip line
Resultant Shock
Strong Oblique Shock:

Expansion Fans
Leading Edge Shock-

Separated Region.

Shock Induced Separtion Point/_

4

Fig. 12 Schematic diagram of spatial flow features for supersonic flow
past forward-facing step.

the incoming freestream with high kinetic energy dissipates energy
due to a strong viscous action near the wall.

The Mach contours in Fig. 13c are characterized by a thick band,
starting from leading edge to the corner of the step. The thick band is
the shear layer, which is the region between the outer nearly uniform
high-speed flow and the slow-moving recirculating or separated re-
gion. This causes a high velocity gradient in the layer, which appears
as thick band of concentrated Mach contours.

C. Effect of Step Height

The effect of step height on the spatial patterns of the flowfield
can be assessed by comparing the spatial patterns in Figs. 13a-13d
to those of Figs. 14a—14d, which correspond to spatial patterns of
H =0.2 and M., =2.5. Comparing the pressure contours plots in
Figs. 13aand 14a, one can conclude that, as the step height increases,
the strong oblique shock moves toward the leading edge and merges
with the weak leading-edge boundary-layer shock, causing shock
interactions. The pressure variations in front of the step and on step
face (Figs. 15a and 15b) are compared for the two step heights
at M, =2.5. The separated region has a plateau of nearly constant
pressure (except near the step corner) representing a dead air region,
as seen in Fig. 15a. The separation point pressure and the plateau
pressure increase as the step height increases, with respect to the
freestream pressure. The sudden pressure rise in front of the step is
an indicator of the location of the oblique shock. Thus, it is clear
from Fig. 15a that the oblique shock moves toward the leading edge
as the height is increased.

Near the step, a small pressure rise is observed in the lower corner
of the step because a portion of the separated layer is brought to rest
on the step face. A study of pressure variation along the vertical
face of the step (Fig. 15b) indicates the following features. There is
a region extending from the lower corner to around the middle of
the step where the pressure is almost constant. From the middle
of the step to the top corner there is a monotonic rise. At the top
of the face, there is an abrupt fall indicating presence of an expansion
region on the shoulder of the step. It is seen from both Figs. 15a
and 15b that the pressure magnitude in front of the step and on
the step face are altered significantly with increase in step height.
Figure 15c shows the wall variations of coefficient of skin friction
for the two step heights. The point nearest to the leading edge,
where the coefficient of skin friction becomes negative, indicates
the beginning of the separation region. Thus, as the step height
increases, the separation point shifts toward the leading edge, and,
hence, the length of separated region increases with step height.
The skin friction near the step changes from negative to positive
and back again to negative. This is due to the presence of small
secondary vortex at the corner of the step (Fig. 13d), which circulates
in the opposite sense to that of the primary vortex, causing positive
shear. For H = 0.2, the skin friction is positive in two regions in the
separated zone because of the presence of two secondary vortices
in the flowfield as seen in Fig. 14d.

Figure 15d shows the Stanton number for the isothermal wall as
a function of distance from the leading edge to the step base for
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the two step heights at M, =2.5. The negative values indicate that
heat is being transferred from the fluid to the solid surface. The heat
transfer rate decreases from the leading edge to the separation point.
In the separation zone, it almost stays constant and increases near
the step. The same trend is observed for both the step heights.

D. Effect of Freestream Mach Number

Figures 16a—16e show the pressure and Mach contours for dif-
ferent Mach numbers at H# =0.1. The increase in Mach number
reduces the inclination of both the leading edge and the strong
oblique shocks. It is also observed that the increase in Mach num-
ber pushes the oblique shock away from the leading edge toward the
step. At H = 0.2, Figs. 17a—17e show similar trends in the change in
the spatial pattern of flow as Mach number is increased. However,
at H =0.2, the distance between the leading edge shock and the
oblique shock is much less. In fact, at low Mach number M, = 1.5
(Fig. 17a), the leading-edge shock and the oblique shock coalesce
to form a single nearly normal shock at the leading edge. As M, is
increased, the two shocks separate and the oblique shock starts to
move away from the leading edge toward the step.

Figures 18a—18c show the variation of static pressure, skin fric-
tion, and Stanton number, respectively, at H =0.1 as a function of
distance from leading edge to the step base at the wall. The move-
ment of the oblique shock and the associated separation point, away
from the leading edge, toward the step is clearly seen. The effect
of Mach number is more pronounced in wall static pressure than
in skin friction Cy and Stanton number Cy. The separated zone

pressure is significantly increased with increase in freestream Mach
number. This is because the strength of the oblique shock increases
as the freestream Mach number is increased.

Figures 19a—19c show the wall variation of static pressure, skin
friction, and Stanton number at H = 0.2. At this height, the trend
is similar to that at H =0.1 for M., variation between 2 and 3.5.
However, at M, = 1.5, the wall pressure and length of the separation
zone are greater than those for M, =2 and M, =2.5. This is due
to the coalescence of the leading edge and the oblique shock at
M, = 1.5 to form a strong nearly normal shock at the leading edge.
The wall variation of static pressure at H =0.2 also indicates that
the level of the pressure rise after the oblique shock is much higher
than for the case of H =0.1.

Figures 20a and 20b show the variation of peak pressure on step
face and length of the separated region, measured from the step,
with Mach number at the two step heights. The peak pressure on
the step face increases with an increase in M, for both step heights.
The increase is quite large as the peak pressure is nearly quadrupled
for both the step heights, with increase in M, from 1.5 to 3.5.
In contrast, the separated region length decreases only slightly (by
about 16% at H = 0.1 and about 7% at H = (0.2) with an increase in
M, from 1.5 to 3.5. Because separation is induced by the oblique
shock, it can also be inferred that there is a very slight shift in
the location of the shock toward the step as M, is increased from
1.5 to 3.5. However, the separated region length is altered quite
significantly with step height, with an increase of approximately
25-50% for the entire range of M.
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Fig. 20 Variation of a) Peak pressure on vertical step face and b) sep-
arated region length with Mach number for H =0.1 and H =0.2.

VII. Conclusions

In this work, a numerical scheme is introduced that is a modi-
fied version of the commonly used flux-based predictor—corrector
schemes. The proposed PVU scheme is a simple, reasonably accu-
rate, and stable scheme for the computation of multidimensional,
high-speed, compressible flows. This scheme is used to study the
supersonic flow past a forward-facing step. The salient features of
the flow are the leading-edge weak shock, a strong oblique shock
in front of the step, the separation induced by the oblique shock,
and the intersection of leading-edge shock with the oblique shock
giving rise to a shock—shock interaction. From the parametric study
carried out for the forward-facing step problem, it can be concluded
that the strength and the location of the oblique shock are affected
by two parameters: 1) the freestream Mach number M, and 2) the
step height H. It is also shown that the shock strength is signifi-
cantly affected by the step height, as well as the freestream Mach
number. However, the shock location is altered significantly only
by the step height. It does not change much as the Mach number is
varied. Consequently, the wall static pressure in front of the step and
on the step face is affected significantly by both the parameters M,
and H . However, the skin friction C ; and wall heat transfer C; are
affected significantly by step height only and not by M. Thus, from
the design point of view, although the separated zone and the step
face pressures can be effectively controlled by the freestream Mach
number and the step height, the shock location/length of separated
zone is controlled more effectively by the step height.

The PVU scheme is first-order accurate in space and second-
order accurate in time. The spatial accuracy of the scheme can be
improved by employing high-order finite difference approximations
throughout the solution domain. However, an increase in the spatial
order of accuracy may lead to the phenomena of Gibbs oscillations,
especially near discontinuities. Thus, to increase the spatial order of
accuracy in the smooth region of the flowfield and to avoid oscilla-
tions near discontinuities, one needs to employ a solution sensitive
strategy. In this strategy, first-order accurate discretization in the re-
gions of steep gradients (regions containing the discontinuities) and
higher-order discretization in the smooth region of the flow may be
employed. To achieve this, first a strategy for detecting regions of

steep gradients must be devised. Once the region of steep gradient is
identified in the flowfield, a first-order upwinding procedure on the
convective terms can be applied in that region, and in the remain-
ing region (smooth region), a higher-order upwinding procedure is
applied to the convective term. This can improve the overall spatial
accuracy of the scheme. In this paper, only the first-order accurate
form of the PVU scheme is demonstrated; the higher-order accurate
form of the PVU scheme will be discussed in future works.
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